We study (small) Hankel operators on the Dirichlet space D with symbols in a class of function space, and show that such (small) Hankel operators are closely related to the corresponding Hankel operators on the Bergman space L 2 a and the Hardy space H 2 .
where L ∞ (D) is the space of bounded Lebesgue functions on D.
Let P be the orthogonal projection from S onto D, then for ϕ ∈ L ∞,1 , define the Toeplitz operator T ϕ : D → D,
and small Hankel operator Γ ϕ : D → D,
for f ∈ D, where J is the unitary S → S defined by Jh(z) = h(z) for h ∈ S, and D ⊥ is the orthogonal complement of D in S. The Fredholm properties [2] and algebraic properties [4] of Toeplitz operators on D defined by symbols in L ∞,1 have been studied. In this paper, we consider the compactness of Hankel operators, commutativity of small Hankel operators, commutativity of small Hankel operator and Toeplitz operator, etc. In fact, we convert such problem into the corresponding one in the Bergman space or the Hardy space, which has been studied in [1, [5] [6] [7] [8] .
Main results
In this section, we present the main results and their proofs. 
It is well known thatφ(z) is the Berezin transform of ϕ and plays an important role in the study of Toeplitz operators
The following theorem is one of main results in this paper. 
(
Hence
where, by Lemma 2.2,
Remark 2.4. In Eq. (1), we use the fact that for
which will be used repeatedly in the following.
If T equals a finite sum of finite products of Toeplitz operators with symbols in L ∞,1 on D, letŤ be the corresponding operator on L 2 a with the same symbols, i.e., if
Then we have the following result. Proof. By Proposition 2.3, it is easy to check that 
Remark 2.6. By Proposition 2.3 and Corollary 2.
And for the corresponding results in the Bergman space, see [1, 6] .
Proof of Theorem 2.1. It is easily followed from Proposition 2.7. 2
For the characterization of compactness of Hankel operator on L 2 a , see [1] . Moreover for harmonic function ϕ, ψ ∈ L ∞,1 , by Zheng's Theorem in [6] , H * ψ H ϕ is compact.
Next we study the algebraic properties of small Hankel operators on D.
In [4] , the (semi-)commutativity of Toeplitz operators on D is studied. In the following, we study the commutativity of Toeplitz operator and small Hankel operator, small Hankel operators on D with symbols in H. First, we fix some notation.
Denote T = ∂D be the unit circle. Let L 2 (T) be the square integrable Lebesgue functions on T with orthonormal basis {s n } ∞ n=−∞ such that For ϕ ∈ L ∞ (T), the classical Toeplitz operator T ϕ on H 2 is defined by
and the classical Hankel operator Γ ϕ on H 2 is defined by
forms an orthonormal basis of D. Let C be the diagonal matrix whose diagonal coefficients are given by c 1 , c 2 , . . . , i.e.,
In [4, Proposition 4] , the matrix of T u with respect to the orthonormal basis e n was given as C M u C −1 , where
Similarly, we have the following result. 
Proof. By straightforward computation, for m, n 1,
For u ∈ H and u(z) = k<0 a kz −k + k 0 a k z k , letũ denote the nontangential limit of u on the boundary T, theñ 
It is a well-known fact that for two bounded harmonic functions φ and ψ , Γ φ Γ ψ = Γ φ Γ ψ on H 2 if and only if there exists a constant c such that φ − cψ = ρ for ρ ∈ H ∞ with ρ(0) = 0. For the convenience, we outline the proof. 
